We investigate the low-energy quasiparticle excitation spectra of cuprate superconductors by incorporating both superconductivity (SC) and competing orders (CO) in the bare Green's function and quantum phase fluctuations in the proper self-energy. Our approach provides consistent explanations for various empirical observations, including the excess subgap quasiparticle density of states, "dichotomy" in the momentum-dependent quasiparticle coherence and the temperature-dependent gap evolution, and the presence (absence) of the low-energy pseudogap in hole-(electron-) type cuprates depending on the relative scale of the CO and SC energy gaps. 74.25.Jb, 74.50.+r Keywords: Quasiparticle spectra; pseudogap; competing orders; cuprate superconductors Cuprate superconductors differ fundamentally from conventional superconductors in that they are doped Mott insulators with strong electronic correlation that leads to possibilities of different competing orders (CO) in the ground state besides superconductivity (SC) [1] [2] [3] [4] [5] [6] [7] [8] . The existence of competing orders and the proximity to quantum criticality [2, 3, 7, 8] gives rise to unconventional low-energy excitations of the cuprates, manifested as weakened superconducting phase stiffness [6] , occurrence of excess subgap quasiparticle density of states (DOS) [9] , spatial modulations in the lowtemperature quasiparticle spectra that are unaccounted for by Bogoliubov quasiparticles alone [10] [11] [12] , "dichotomy" in the momentum-dependent quasiparticle coherence [13] and temperature-dependent gap evolution [14] , and the presence (absence) of the low-energy pseudogap (PG) [9, 15, 16] and Nernst effect [17] in the hole (electron)-type cuprates above the SC transition. Microscopically, the existence of CO is likely responsible for various non-universal phenomena among different cuprates [8, 9, 18, 19] . Macroscopically, the weakened superconducting phase stiffness and proximity to CO can give rise to strong fluctuations that lead to the extreme type-II nature and rich vortex dynamics [8, 20, 21] .
Cuprate superconductors differ fundamentally from conventional superconductors in that they are doped Mott insulators with strong electronic correlation that leads to possibilities of different competing orders (CO) in the ground state besides superconductivity (SC) [1] [2] [3] [4] [5] [6] [7] [8] . The existence of competing orders and the proximity to quantum criticality [2, 3, 7, 8] gives rise to unconventional low-energy excitations of the cuprates, manifested as weakened superconducting phase stiffness [6] , occurrence of excess subgap quasiparticle density of states (DOS) [9] , spatial modulations in the lowtemperature quasiparticle spectra that are unaccounted for by Bogoliubov quasiparticles alone [10] [11] [12] , "dichotomy" in the momentum-dependent quasiparticle coherence [13] and temperature-dependent gap evolution [14] , and the presence (absence) of the low-energy pseudogap (PG) [9, 15, 16] and Nernst effect [17] in the hole (electron)-type cuprates above the SC transition. Microscopically, the existence of CO is likely responsible for various non-universal phenomena among different cuprates [8, 9, 18, 19] . Macroscopically, the weakened superconducting phase stiffness and proximity to CO can give rise to strong fluctuations that lead to the extreme type-II nature and rich vortex dynamics [8, 20, 21] .
To date there are two typical theoretical approaches to describing the quasiparticle excitation spectra of the cuprates. One approach takes the BCS-like Hamiltonian as the unperturbed mean-field state and a competing order, pinned by disorder, as the perturbation that gives rise to a weak scattering potential for the Bogoliubov quasiparticles [11, [22] [23] [24] . The other approach begins with the BCS-like Hamiltonian and includes superconducting phase fluctuations in the proper self-energy correction [25, 26] . However, no quantitative calculations have been made by incorporating both CO and quantum phase fluctuations in the SC state. The objective of this work is to consider the latter scenario and compute the corresponding low-energy excitation spectra with realistic physical parameters for comparison with experiments. We find that the low-energy excitations thus derived differ from typical Bogoliubov quasiparticles and can account for various puzzling phenomena aforementioned.
Our approach considers coexisting SC and CO with finite quantum phase fluctuations at zero temperature (T = 0) and employs realistic bandstructures for both electron-and holetype cuprates [27, 28] . In addition, the temperature-dependent evolution of the quasiparticle low-energy excitation spectra is examined by comparing the results for coexisting SC and CO at T = 0 with those at T > T c in the mean-field limit. For the relevant competing orders, we focus on charge-density waves (CDW) and spin-density waves (SDW) in this work because of well documented empirical and theoretical evidences for their existence [5] [6] [7] [8] . We assume that the density waves are static because dynamic density waves can be pinned by disorder. The momentum k remains a good quantum number as long as the mean free path is much longer than the superconducting coherence length, a condition generally satisfied in the cuprates. We further note that the spectroscopic characteristics associated with either CDW or disorder-pinned SDW as the CO are similar in the charge sector, although the wave-vector Q of CDW is twice of that of SDW with the direction of Q along the Cu-O bonding direction in the CuO 2 plane [22] . Regarding the SC pairing symmetry, in the case of hole-type cuprates we consider the empirically dominant scenario of coexisting d x 2 -y 2-wave SC with CDW or disorderpinned SDW. For the electron-type cuprates we investigate two scenarios that are compatible with experimental findings: either s-wave SC and CDW or d x 2 -y 2-wave SC with disorderpinned SDW. The former pairing symmetry is empirically justified from momentum-independent tunneling spectroscopy of the optimally doped infinite-layer cuprates [9] , and the latter is verified with phase-sensitive experiments on certain one-layer cuprates [29] . It is also worth noting that both swave SC and CDW are symmetry representations of the SO(4) group [30] , and their coexistence has been known in NbSe 2 [31] . In general, the key findings derived in this work can be extended to various pairing symmetries and other competing orders such as antiferromagnetism (AFM) [1] or d-density waves (DDW) [4] . As for the degree of quantum phase fluctuations, in the absence of known microscopic coupling mechanism between SC and CO, the magnitude of fluctuations is taken as a variable to be determined empirically.
The generalized mean field Hamiltonian for coexisting SC and CO is given by:
. In the case of CDW being the relevant CO, we have V CO (k) = V CDW . For disorderpinned SDW we express V CO (k) = g 2 V SDW , where V SDW denotes the energy scale of SDW and g is the coupling strength between SDW and disorder [22] . Here we have neglected the direct coupling of SDW to SC [32] in the Hamiltonian because the corresponding phase space contribution of the first-order SDW coupling to the DOS is too small in the doped cuprates, similar to the situation of negligible DDW coupling to the DOS in the doped cuprates, as elaborated in Refs. [33, 34] . In principle, the CO energy V CO (k) ≡ V CO F(k) may contain a momentum-dependent form factor F(k), as exemplified in Ref. [35] for a specific checkerboard CO pattern. In this work we consider a simple form factor F(k) as a Gaussian distribution function centered at k = Q so that F(Q) = 1. This simple form factor serves the purpose of capturing the essence of the interplay between two energy scales V CO and Δ SC without introducing excess adjustable parameters. Thus, the mean-field Hamiltonian in Eq. Next, we introduce quantum phase fluctuations into the proper self-energy Σ * . Specifically, from an effective lowenergy theory [25, 26] the phase fluctuations for coexisting SC and CO can be evaluated through the velocity-velocity correlation function, such that
In Eq. (2) 
Summing over an infinite series of ring diagrams [25] , we arrive at the expression for the 
where θ is the SC phase renormalized by the presence of CO, n represents the effective two-dimensional superfluid density [26] . Finally, to build into our model realistic finite lifetime broadenings for quasiparticles due to impurity scattering and quantum phase fluctuations, we relax the condition for the imaginary part of the inverse bare Green's function G 0 −1 from 0 + to a finite but small quantity δ (k). Specifically, we express δ (k) = δ D(k) with δ << Δ eff . If we further assume that the quasiparticle lifetime broadening is primarily associated with quantum phase fluctuations, the form factor D(k) for the quasiparticle lifetime broadening becomes related to a mean-field effective
is the maximum effective gap. Thus, we obtain the full Green's function ( )
through the Dyson's equation (with ξ k ≈ −ξ k+Q for the particlehole excitations in the CO density-wave channel):
Here ( ) which is consistent with ARPES data [13] . with the empirical observation of more coherent nodal quasiparticles in hole-type cuprate superconductors [13, 14] .
Second, we find that the CO wave-vector Q need not be commensurate with (π/a) to have effect on the low-energy excitations, although maximum effect occurs when |k|, |k±Q| ~ k F [33] . Further comparison of our calculations with experimental ARPES and DOS data suggests that Q in holetype cuprates is best described in terms of either a dopingdependent and incommensurate CDW or disorder-pinned SDW. In contrast, best theoretical fitting to empirical results in electron-type cuprates implies that Q is commensurate and doping independent [33] . Thus, theoretical analysis of the Qdependence in the quasiparticle excitation spectra can provide information about whether a CO phase is relevant to the observed APRES and DOS [33] . For instance, we find that DDW with Q = (π, π) only makes significant contributions to the DOS in the insulating limit [33, 34] . Further details related to the effect of the CO wave-vector can be found in Ref. [33] .
Third, finite quantum phase fluctuations can induce excess subgap DOS if V CO < Δ SC , as illustrated in Fig. 3(a) for the comparison of calculated results with the momentumindependent quasiparticle tunneling spectra of the infinitelayer electron-type cuprate Sr 0.9 La 0.1 CuO 2 [9] . The reasonable agreement of our calculations with experimental data is obtained by assuming coexisting s-wave SC and CDW, with On the other hand, for d x 2 -y 2-SC/SDW with V CO = 37 meV > Δ SC = 33 meV, we find that the incorporation of CO can account for the two sets of peak features in the c-axis tunneling data of Bi 2 Sr 2 CaCu 2 O x (Bi-2212) at T << T c , as exemplified in Fig. 3(b) . We further note that significant spectral variations can be induced by varying the quantum fluctuations even for fixed Δ SC and V CO , as shown in the inset of Fig. 3(b) . For completeness, we also show in Fig. 3(c) the calculated DOS for coexisting d x 2 -y 2-wave SC and disorderpinned SDW together with the empirical tunneling data taken on a 24° tilt (001) grain-boundary junction of a one-layer electron-type cuprate Pr 1.85 Ce 0.15 CuO 4−y [16] . By using the parameters Δ SC = 4.75 meV and V CO = 4.75 meV, we find that the calculated DOS is consistent with the spectrum in Fig. 3(a) that reveals only one set of peaks at Δ eff under the condition V CO < Δ SC , regardless of the SC pairing symmetry.
Fourth, we find that whether the low-energy PG occurs is primarily determined by the ratio of Δ SC to V CO : For arbitrary values of Δ SC and V CO , the poles associated with H MF in Eq.
(1) generally give rise to two sets of peaks at ω = ± eff Δ and ω = ± SC Δ in the quasiparticle DOS. If Δ SC >> V CO and η > 0, we have eff SC Δ ≈ Δ so that only one set of peaks can be resolved in the quasiparticle spectra. Hence, the magnitude of eff Δ in the quasiparticle spectra decreases with increasing T and vanishes at T c , which is analogous to the behavior of conventional superconductors and is also consistent with all empirical findings to date in the electron-type cuprate superconductors [9, 16, 17] , as exemplified in the main panel of Fig. 3(a) . On the other hand, in the case of V CO > Δ SC two distinct sets of peaks can be resolved at T << T c even under moderate quantum phase fluctuations, as exemplified in the main panel of Fig. 3(b) . With increasing T or η, the DOS peaks at ω = ± SC Δ steadily diminish while the peaks at ω = ± eff CO V Δ ≈ ± are broadened by fluctuations but the peak positions remain nearly invariant above T c as long as k B T << V CO . To better illustrate this point, the evolution of the quasiparticle tunneling spectra with varying (Δ SC /V CO ) and under a fixed η at T = 0 is exemplified in Fig. 4(a) for an swave SC/CDW and in Fig. 4(b) for a d x 2 -y 2-wave SC/SDW. In addition, we show in the inset of Fig. 4(b) the comparison of calculated mean-field quasiparticle tunneling spectra at T = 0 and T = 100 K > ~ T c in the case of V CO = 50 meV > Δ SC = 33 meV, which reveals thermally smeared PG features at |ω| ~ V CO for T > ~ T c [39] . This finding is similar to the empirically observed low-energy PG phenomena in underdoped Bi-2212 cuprates above T c [15] , and is also in sharp contrast to the "two-gap" features at |ω| = SC Δ and eff Δ for T = 0. These results therefore suggest that the experimental observation of non-universal low-energy PG phenomena in the cuprates may be reconciled by the coexistence of CO and SC with different relative strengths. Thus, the absence of low-energy PG in electron-type cuprates can be attributed to V CO < Δ SC , whereas the presence of low-energy PG in under-and optimally doped hole-type cuprates is due to V CO > Δ SC . We remark that our finding of CO being responsible for the low-energy PG phenomena differs fundamentally from the conjecture of PG being a strongly phase fluctuating SC state above T c [25] . In the latter scenario, PG evolves into SC upon lowering the temperature so that there is only one SC ground state. This scenario of phase fluctuations solely arising from SC cannot account for the empirical two-gap features at T << T c , nor can it explain the quasiparticle spectral dichotomy [13, 14] and the existence of CO below T c [7, 11] .
A feasible mechanism leading to varying (Δ SC /V CO ) ratio in different cuprates is the coupling of charge to the longitudinal optical (LO) phonon mode in the CuO 2 plane: Given that strong ligand-hole hybridization occurs in the holetype cuprates, the charge transfer of holes along the Cu-O bond can be enhanced by the LO phonon mode in the underdoped hole-type cuprates because the slower hole hopping rate in underdoped cuprates can better couple to the LO phonons [40] . In contrast, for electron-type cuprates, the charge transfer gap along the Cu-O bond remains large upon electron doping so that the LO phonons cannot effectively assist charge transfer. Hence, if CDW (or SDW-induced CDW) is the relevant CO, LO phonons associated with the Cu-O bonds can enhance the strength of CO in the underdoped hole-type cuprates [40] , leading to an increasing isotope effect and stronger low-energy PG phenomena with decreasing hole doping [33] . Finally, we suggest that quantum phase fluctuations between CO and SC may contribute to the observed Nernst effect for magnetic field H > H c2 in underdoped hole-type cuprates where V CO > Δ SC , because at T << T c quantum phase fluctuations may induce SC from CO, thereby supporting vortices even at H > H c2 . Similarly, for temperature above T c and below the low-energy PG temperature, fluctuating SC may survive in an otherwise predominantly CO phase via the "giant proximity effect" [41] so that vortices can exist above T c , leading to observation of the Nernst effect. This notion of coexisting "puddles" of SC and AFM (with AFM being the relevant CO) has been investigated numerically in Ref. [42] .
In summary, we have investigated the physical origin of unconventional quasiparticle excitations and the low-energy pseudogap (PG) phenomena in cuprate superconductors by considering the effect of coexisting competing orders (CO) and superconductivity (SC). With explicit incorporation of both SC and CO in the bare Green's function and of quantum phase fluctuations in the proper self-energy, we can consistently account for various spectral characteristics associated with the ARPES and DOS data in both hole-and electron-type cuprates. In particular, we attribute the presence (absence) of the low-energy PG phenomena in hole-type (electron-type) cuprate superconductors to the competition of two energy scales, V CO for CO and Δ SC for SC, with the condition V CO > Δ SC being responsible for the occurrence of low-energy PG above T c . 
